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In [l, p. 751, Boas states and proves the following uniqueness theorem. 
THEOREM. I f  F(z) is an entire function of exponential type and if for some 0, 
1 F(reie)l < e+o)*r, where lim,.+m A(r) = co, then F(z) = 0. 
This theorem shows that if the function F(z) tends to zero sufficiently 
rapidly along some ray arg z = 0, then it must be identically zero. Now the 
question arises, whether this theorem is still true if the function F(z) tends 
to zero sufficiently rapidly along an arbitrary curve having a limit point at 
infinity instead of a ray ? Our answer is affirmative. To prove such an exten- 
sion, we need a theorem in [3] which can be stated as follows. 
THEOREM A. Let D = {w : ( w 1 < l} and Zet y  be a Jordan arc in D 
tending to a point on the boundary of D. If  minwc,, / w 1 = a, then for each 
WED-y,wehave 
4W; Y) t -&- (1 - 1 W 1”) (1 - a2), 
where w(w; y) is the harmonic measure at the point w of the arc y  relative to the 
domain D - y. 
We now prove 
THEOREM 1. Let F(z) be an entire function of exponential type T. Suppose 
that on some curve T having a limit point at in..nity we have 
for each z E r, where A(\ z I) is a positive function satisfying the condition 
lim/zl+m A(( 2 I) = co. Then F(z) G 0. 
* I am indebted to my advisor, Professor Seidel who suggested the research work 
on this topic and corrected this paper for me. 
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Proof. Without loss of generality we may assume that P starts from the 
origin. For each 7t, let r,, be the arc of r connecting the last point of inter- 
section of r with the circle 1 x [ = 2+l and the first point of intersection of r 
with the circle 1 z ] = 2”. Furthermore, we set 
Then clearly by our condition on A(1 z I), we have 
lim A, = CO n-x0 (1) 
and 
1 F(z)1 < e-An’2”-1, for each ZEm, n = 1, 2,... . (2) 
According to the definition of functions of exponential type r [l, p. 81, we 
know that ] F(z)/ < e (7+C) I21 for some positive number E and 1 z I sufficiently 
large. Let G, = {z : I z I < 2”) 3 r,, , then for any z E G, , and n sufficiently 
large, by the maximum principle we have 
(3) 
By virtue of the two-constant theorem of the brothers Nevanlinna [2, p. 421, 
Eqs. (2) and (3) allow us to write, for each z E G, - r, , 
log IF( < +; r,) (- A, .2+1) + (I - + r,)) (T + <) -2" 
< - A, ‘2W.O(Z; r,) + (T + c) * 2", 
(4) 
where I.+; r,,) is the harmonic measure at x of I’,, relative to G, - r, . 
To finish the proof, we need to estimate this harmonic measure for 
x E G, - r,, . We map G, conformally onto the unit disk D, by 
w,(z) = 5. (5) 
Since the harmonic measure is invariant under conformal mapping, we have 
4~; r,) = 4~; w,m), (6) 
where W(W; w,(I’,J) is the harmonic measure at w of w,(r,) relative to 
Dw - wnv2. 
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Clearly Eq. (5) gives minWEw tr,) j w j := L . Therefore by Theorem A, 
Eq. (*), we get the following esgmate: 
Combining Eqs. (4), (6), and (7) for any x E G, - I’, , and n sufficiently 
large, we have 
Now, from Eq. (I), it is easily seen that any point z with / z / < 1, there 
exists a positive number M and a sufficiently large N such that n > N implies 
(9) 
Thus Eqs. (8) and (9) imply 
log \ F(z)\ < - A, .2”M, provided that j x 1 < 1 and n > N. (10) 
Since the inequality (10) holds for any n > N, allowing n + co, we obtain 
log / F(z)\ = - CO or F(z) = 0 for any z with / z \ < 1. Hence by virtue 
of the classical uniqueness theorem we conclude that F(z) = 0. 
The method used in the preceding theorem enables us to generalize the 
uniqueness theorem to functions of arbitrary growth (p, T) [l, p. 81 (i.e., if 
the order 
0 < p = F-2 sup log log My; f> 
logy < cop 
then the type 
7 = lim sup log M(r;f) ,“DD 1 YD a 
THEOREM 2. Let P(z) be un entire function of growth (p, T). Let A(] x 1) 
6e a positive function satisfying the coudition liml,,,, A(\ z I)/\ z jQ > 0. 
Suppose that on some curve I’ having a limit point at injinity we have 
IF(z)1 ~e-A((zl)lzlfot.eachzEr. ThenF(z)zO. 
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Proof. We use the same notations as in Theorem 1. It suffices to consider 
the following equations which correspond to those in Theorem 1. 
A, = 2~&j;,<Zn 41 .z I) > M - 2(+lJP and lim A, = co; \ \ z-co 
1 F(.x)I < ecA~++ for each zcr,; 
j F(z)\ < e(T+t)‘2np for any ZE G,; 
log j F(z)/ < - A, .2”%(x; r,) + (7 + E) * 2”“, 
(1’) 
(2’) 
(3’) 
(4’) 
where n is sufficiently large, M and E are some positive numbers. 
Now, from Eq. (l’), we can see that 
(r + 6) * 2nJJ CT + cl 
A, *2” < M . p0 
which implies 
lim (r + ~) ’ 2”” = 0 
n+m A, -2” 
Hence again, there exists another positive number M’ such that for sufficiently 
large n we have 
3 --((1 -!$) - “;“;y >M’. 
64~~ 12’ 
Thus the same inequality (10) follows from (8’) and (9’). The same reasoning 
yields F(z) = 0. 
Now, instead of the condition limlzl+, A(1 x 1)/l x 10 > 0, we require that 
1 F(z)1 < e-A( I2 1) I2 1’) for each z E r. We obtain the following result. 
THEOREM 3. Let F(z) be an entire function of growth (p, r) satisfying the 
condition 1 F(z)/ < e-At 12 1) I2 lp, for each z E r, where I’ and A( 1 z I) are the 
same as in Theorem 1. Then F(x) = 0. 
Proof. We need only observe that the condition gives 
1 F(z)1 < e--An*2(“-‘)0, for each ZErn, (2”) 
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where A, , r, are the same as in Theorem 1, but A, is different from that of 
Theorem 2. Replace A, .2+’ by A, .2(+l)o in Eq. (4’) and (8’), we get 
log I F(z)1 < - A, * 2’10 1 2. .332r (1 - 9, - $fi . @“I 
By the same argument as in Theorem 1, the conclusion follows from equa- 
tion (8”). 
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